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Abstract
Two non-discrete Hausdorff group topologies τ1, τ2 on a group G are called transversal if the least
upper bound τ1 ∨ τ2 of τ1 and τ2 is the discrete topology. We show that an infinite totally bounded
topological group never admits a transversal group topology and we obtain a new criterion for pre-
compactness in lattice-theoretical terms (the existence of transversal group topologies) for a large
class of Abelian groups containing all divisible and all finitely generated groups. A full description
is given of the class M of all abstract Abelian groups G where this criterion is valid (i.e., when the
non-precompact group topologies on G are precisely the transversable ones). It turns out that M is
the class of groups G for which the submaximal topology is precompact.
We also give a complete description of the structure of the transversable locally compact Abelian
groups.
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1. Introduction
The study of the lattice T (X) of all topologies on a set X has been initiated by Birkhoff
[7] in the thirties. Distinct topologies on a set X are said to be complementary if their
supremum (having as a subbase their union τ1 ∪ τ2) is the discrete topology and their
intersection is the indiscrete topology. The fact that the lattice T (X) is complemented was
established independently by Steiner [25] and van Rooij [32] in 1966.
Later, Bagley [5] and Steiner [25] investigated the lattice T1(X) of all T1 topologies
on a set X and T1-complements (two T1 topologies τ1 and τ2 on a set X are called T1-
complementary if their supremum is the discrete topology and the intersection τ1 ∩τ2 is the
cofinite topology on X). Steiner and Steiner [26] presented more classes of T1 topologies
which have T1-complements. In [27], they showed that the usual topology on a count-
able dense subset of the reals has a T1-complement. This entails, along with previous
results in [26], that the usual topology on the real numbers has a T1-complement. In [4],
some results from [26,27] are expanded to obtain the following theorem: if a T1 space
has a countable dense metric subspace, then it has a T1-complement. Shortly afterwards,
B.A. Anderson studied families of mutually complementary topologies and showed that
every Hausdorff locally compact or Fréchet topology has a T1-complement [2,3].
The aim of this paper is to show that the situation completely changes in the latticeL(G)
of all Hausdorff group topologies on a group G: we show in Theorem 2.5 that no topology
τ ∈ L(G) admits a T1-complement. Therefore, we split the notion of T1-complementarity
into two natural components: transversality and T1-independence.
Definition 1.1. Two non-discrete topologies τ1 and τ2 on a set X are called transversal if
their union generates the discrete topology on X.
Definition 1.2. Two T1 topologies τ1 and τ2 on a set X are called T1-independent if their
intersection τ1 ∩ τ2 is the cofinite topology on X.
There is a big difference between transversality and T1-independence of group topolo-
gies. Indeed, the union τ1 ∪ τ2 of two group topologies on G always generates a group
topology, but the intersection τ1 ∩ τ2 can fail to be a group topology. Some non-trivial
examples of T1-independent group topologies are given in [31]. It is shown there that,
under Martin’s Axiom, the usual interval topology on the reals admits a T1-independent
Hausdorff group topology, and such a topology must necessarily be countably compact.
The existence of transversal and T1-complementary topologies on topological spaces
was investigated in [30]. One of the main results there is that every regular space without
isolated points admits a Tychonoff transversal topology without isolated points. However,
there exists a regular topology without isolated points on the rationals which does not ad-
mit a T1-complement [30, Corollary 3.8]. An example of a compact Hausdorff space whose
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ther results about the existence of transversal and T1-independent topologies in topological
groups and spaces are obtained in [22,23].
Here we study the class of topological groups that admit transversal group topologies.
Our results confirm the fact that transversality in topological groups is a much stronger
property than that in topological spaces.
In Section 3 we recall and further develop the technique of submaximal group topolo-
gies introduced in 1978 by Prodanov [21] in the case of Abelian groups. We show that most
of its properties remain true in the non-Abelian case and provide a key tool for studying
transversality of group topologies (see Lemma 3.1 for a simple, but very useful criterion
for transversality in terms of the submaximal topology). As a first application, we show in
Corollary 3.5 that if a non-discrete topological group G contains a central subgroup that
admits a transversal group topology, then so does G. The same conclusion remains valid if
G contains an infinite central discrete subgroup.
The important relationship between transversality and the submaximal topology impose
the necessity to compute (in Section 4) this topology for Abelian groups. Here we obtain
an alternative proof of Prodanov’s description of the submaximal topology. We start Sec-
tion 4 with a characterization of the potentially discrete subgroups, namely subgroups K of
an abstract Abelian group G such that G admits a non-discrete group topology that makes
K discrete. We prove that these are precisely the non-open subgroups in the submaximal
topology of G (Proposition 4.1). This turns out to be also an important step in the compu-
tation of the submaximal topology. In Section 4.2 we compute the class M of all Abelian
groups where the submaximal topology coincides with the Bohr topology. It turns out that
these are precisely the Abelian groups G such that every non-precompact group topology
on G admits a transversal group topology (Theorem 4.6).
In Section 5 we apply the technique of submaximal group topologies to give a pre-
compactness criterion in lattice-theoretic terms (Theorem 5.15 and Corollary 5.17). As an
application of this criterion we prove in Theorem 5.18 that a locally precompact Abelian
group G does not admit transversal group topologies iff there exists an open compact sub-
group K containing all elements of prime order of G and such that G/K is bounded.
In Section 6 we show that the locally compact groups with non-compact divisible center
admit a transversal topology (Theorem 6.2). In particular, a non-discrete divisible locally
compact Abelian group admits a transversal topology iff it is not compact (Corollary 6.3),
i.e., precompactness (equivalent to compactness in this case) is shown again to be the main
obstacle to transversality. Moreover, we give in Theorem 6.7 and Corollary 6.9 several
equivalent forms of the criterion for LCA groups to be transversable (obtained in Theo-
rem 5.18 in the more general case of locally precompact Abelian groups). In Example 6.8
we show that this characterization cannot be extended to the non-Abelian case.
In the forthcoming paper [13], we find a connection between some cardinal invariants
of two transversal topologies and, as an application, a description of transversability for
connected locally compact groups. We give also results related to free topological groups.
In particular, we show that the passage from a Tychonoff space to its free topological group
does not respect transversality.
The principal results of the paper were announced without proofs by the first-named
author in the survey talk [9] given in September 1999 at the Workshop of Topological
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appeared where the transversability criterion for LCA groups is obtained with a different
proof based on the use of T -sequences [33].
The submaximal group topology, largely used in this paper and elsewhere, was invented
and characterized by Ivan Prodanov (1935–1985) whose groundbreaking results on the
lattice-theoretic properties of group topologies will be always remembered. We dedicate
this paper to his memory.
1.1. Notation and terminology
We denote by N and P the sets of positive naturals and primes, respectively, by Z the
integers, by Q the rationals, by R the reals, by T the unit circle group in the complex plain
C, by Zp the p-adic integers (p ∈ P), by Z(n) the cyclic group of order n (n ∈ N). We use
Qp to denote the group of p-adic numbers with the usual p-adic topology. The cardinality
of the continuum 2ω will be also denoted by c.
Let G be a group with identity e and A be a subset of G. Then 〈A〉 is the subgroup of G
generated by A. The fact that H is a subgroup of G is abbreviated to H  G. As usual,
cG(H) denotes the centralizer of H in G, i.e., the maximal subgroup of G all elements of
which commute with the elements of H . The group G is divisible if for every g ∈ G and
n ∈ N, the equation xn = g has a solution in G; G is reduced if {e} is the only divisible
subgroup of G. Abelian groups will be written additively. For an Abelian group G, we
denote by r(G) the free-rank of G and we set G[n] = {x ∈ G: nx = 0} for every n ∈ N.
The socle of G is defined by Soc(G) =⊕p∈P G[p]. The maximal divisible subgroup of
G is denoted by d(G), the torsion subgroup of G is t (G), and the p-torsion subgroup is
tp(G). For a prime number p and a topological Abelian group G, an element x ∈ G is
quasi-p-torsion if the subgroup 〈x〉 is either p-torsion or isomorphic to Z equipped with
the p-adic topology. The subset tdp(G) of all quasi-p-torsion elements of G is a subgroup
(see [10, Chapter 4] for the properties of these subgroups).
For a group G, we denote by PG the maximal precompact topology of G (i.e., the Bohr
topology of G).
Most often the topologies we consider are assumed to be T1. Therefore, we deal mainly
with Hausdorff topological groups unless otherwise is stated explicitly.
A Hausdorff topological group (G, τ) is minimal if τ is a minimal element of the
partially ordered (with respect to inclusion) set of Hausdorff group topologies on the
group G [28]. The connected component of a topological group G is denoted by C(G).
Let us denote by δG and ιG the top and the bottom elements of the lattice L(G) of all
group topologies of G, namely the discrete and the indiscrete topology of G. Note that for
τ, σ ∈ L(G), the join τ ∨ σ , namely the topology generated by the union τ ∪ σ taken as a
subbase, is also a group topology. This holds true for the supremum
∨
i∈I τi of any family
of group topologies on G, so (L(G),∨,∧, ιG, δG) is a complete lattice. We use the same
inequality sign  both for the lattice L(G) and for the lattice of all subgroup of G. Since
it is always clear from the context whether we have to deal with topologies or subgroups,
this leads to no confusion.
It should be noted that the meet
∧
is not just the intersection. Indeed, the intersection
τ ∩ σ of two (Hausdorff) group topologies on a group G need not be a group topology
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coarser than τ ∩σ . One can explicitly describe the filter base of neighborhoods of e in G for
these topologies in the following way. Assume that {Ui}i∈I and {Vj }j∈J are the respective
bases of neighborhoods of e in τ and σ . Then a base of neighborhoods of e in τ ∨ σ
is given by {Ui ∩ Vj }i∈I,j∈J . If G is Abelian, the family {Ui + Vj }i∈I,j∈J is a base of
neighborhoods of 0 in τ ∧ σ .
For τ, σ ∈ L(G), set τ	σ if τ ∨ σ = δG, and τ⊥σ if τ ∧ σ = ιG. Clearly, τ	σ means
that τ and σ are transversal in the sense of Definition 1.1. We say that τ and σ are g-inde-
pendent if τ⊥σ (i.e., τ ∧ σ = ιG; here “g-” stays to suggest that the meet ∧ is taken in the
lattice of all group topologies).
The question of whether every infinite group G has a non-discrete Hausdorff group
topology was an open problem, set by Markov in the forties [18]. Call an infinite group G
without non-discrete Hausdorff group topologies a Markov group. It is easy to see that
every Markov group has finite center. Examples of Markov groups where given by She-
lah [24] and Ol’shanskiıˇ [19]. We denote by L0(G) the complete
∨
-subsemilattice of
L(G) consisting of all Hausdorff group topologies on G, so that G is a Markov group iff
|L0(G)| = 1. Let G be an infinite non-Markov group. Maximal topologies of G are maxi-
mal elements of the poset L0(G) \ {δG}. An application of the Zorn lemma easily implies
that every element of L0(G) \ {δG} is contained in a maximal topology (see [21]). The in-
fimum MG of all maximal topologies on G is the submaximal topology of G, introduced
by Prodanov [21] for Abelian groups. Here we put no restraint on the algebraic structure of
the group G. For the sake of completeness, we set MG to be discrete for infinite Markov
groups G and for finite G. This agrees with the usual rules of computation of infimum in a
complete lattice. Further details on MG will be given in Sections 3 and 4.
2. Complementation in the lattice of group topologies
The following simple lemma is immediate, but it will be frequently used in the study of
transversal and g-independent group topologies.
Lemma 2.1. Let τ1 and τ2 be group topologies on a group G with identity e. Then τ1 and
τ2 are transversal iff there are U ∈ τ1 and W ∈ τ2 such that U ∩W = {e}.
For the further study of transversal group topologies, we need the following definition.
Definition 2.2. Let U be a neighborhood of the identity in a topological group G. A subset
K of G is called left uniformly U -discrete if xU ∩ yU = ∅ for any distinct x, y ∈ K .
Lemma 2.3. Suppose that a subset K of a topological group G is left uniformly U -discrete
for a neighborhood U of the identity in G. Then K is closed and discrete in G.
Proof. Choose an open symmetric neighborhood V of the identity in G such that V 2 ⊆ U .
We claim that |xV ∩ K|  1 for each x ∈ G. Indeed, if y, z ∈ xV ∩ K , then z ∈ yV 2 ⊆
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in G. 
Proposition 2.4. Let G be a group with identity e and T1, T2 be transversal group topolo-
gies on G. Then there are U ∈ T1 and W ∈ T2 such that U ∩ W = {e}, U is left uniformly
W -discrete and W is left uniformly U -discrete.
Proof. By Lemma 2.1, there are U0 ∈ T1 and W0 ∈ T2 such that U0 ∩ W0 = {e}. Take
symmetric neighborhoods of the identity U ∈ T1 and W ∈ T2 such that U2 ⊆ U0 and
W 2 ⊆ W0. Then xU ∩yU = ∅ for all distinct x, y ∈ W and aW ∩bW = ∅ for all distinct
a, b ∈ U . 
Theorem 2.5. No group G with |G| > 1 admits transversal T1-independent group topolo-
gies. Equivalently, no group topology on G has a T1-complement in L(G).
Proof. Since every T1 topology on a finite set is discrete, it suffices to consider the case
|G| ω. Let τ1 and τ2 be transversal group topologies on an infinite group G with iden-
tity e. We show that τ1 and τ2 cannot be T1-independent. By Proposition 2.4, there exist
U ∈ τ1 and W ∈ τ2 such that U ∩W = {e} and W is left uniformly U -discrete. Choose an
open neighborhood W1 of the identity in G2 = (G, τ2) such that W 21 ⊆ W and denote by
F the closure of W1 in G2. Clearly, F is an infinite closed subset of G2 and F ⊆ W = G.
On the other hand, Lemma 2.3 implies that W is a closed discrete subset of G1 = (G, τ1),
which in its turn implies that F is a proper infinite closed subset of both G1 and G2. Hence,
τ1 and τ2 are not T1-independent. 
We can improve Theorem 2.5 for Abelian groups as follows.
Theorem 2.6. If τ1 and τ2 are transversal group topologies on an Abelian group, then the
topology τ1∧τ2 is Hausdorff. Consequently, no infinite Abelian group G admits transversal
g-independent group topologies.
Proof. First we note that if τ1 and τ2 are two group topologies on an Abelian group G,
then the group topology induced on the subgroup ∆G = {(x,−x): x ∈ G} of H =
(G, τ1)×(G, τ2) is precisely τ1 ∨τ2 once we identify ∆G with the group G by means of the
isomorphism x → (x,−x). Note also that the surjective homomorphism f :G × G → G
defined by f (x, y) = x + y has the kernel ∆G and induces on G, as the quotient topology,
precisely τ1 ∧ τ2 (as f (U × V ) = U + V for all U ∈ τ1 and V ∈ τ2).
Now assume that τ1 	 τ2. Then ∆G is a discrete subgroup of H and, hence, ∆G is
closed. Consequently, the group (G, τ1 ∧ τ2) ∼= H/∆G is Hausdorff. So, the topologies τ1
and τ2 are not g-independent. The second assertion is immediate. 
The following corollary of Theorem 2.6 will be used in Section 5.
Corollary 2.7. Suppose that T1, . . . ,Tn are maximal group topologies on an infinite
Abelian group G. Then the topology τ ∧ T1 ∧ · · · ∧ Tn is Hausdorff for every Hausdorff
group topology τ on G.
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that n = 1. If τ  T1, then τ ∧ T1 = τ , and we are done. If τ  T1, then τ ∨ T1 is the
discrete topology, so the topology τ ∧ T1 is Hausdorff by Theorem 2.6. In general, let
T = T1 ∧· · ·∧Tn and σ = τ ∧Tn. Then σ is a Hausdorff group topology on G and τ ∧T =
σ ∧ T1 ∧ · · · ∧ Tn−1, so the inductive hypothesis implies that τ ∧ T is Hausdorff. 
The next corollary follows immediately from the above corollary since every infinite
Abelian group admits a maximal group topology.
Corollary 2.8. Every infinite Abelian group G admits a Hausdorff group topology without
g-independent group topologies.
We do not know whether Theorem 2.6 remains valid in the non-Abelian case (see Ques-
tion 7.1).
3. Transversality and the submaximal topology
It is clear that the lattice-theoretic properties of the family L0(G) of all Hausdorff group
topologies on a group G will strongly involve maximal and minimal group topologies of G.
The next easy criterion for transversability explains why the submaximal topology MG
on G plays the central role in the study of transversality. Denote by Trans the class of
topological groups that admit transversal group topologies.
Lemma 3.1. Let τ be a non-discrete group topology on a group G. Then (G, τ) ∈ Trans
iff τ MG.
Proof. Assume that τ MG. Then there exists a maximal group topology T on G such
that τ  T . Therefore, T ∨ τ > T , whence T ∨ τ = δG, i.e., T 	 τ and (G, τ) ∈ Trans.
Assume now that (G, τ) ∈ Trans. Then there exists T ∈ L0(G) \ {δG} such that T 	 τ .
We can assume without loss of generality that T is maximal. Then obviously τ  T ,
whence τ MG. 
3.1. M-continuity
Let us call a homomorphism f :G → H of abstract groupsM-continuous (M-open) if
f becomes continuous (respectively, open) when G and H are equipped with their submax-
imal topologies. We now give a direct proof of the following fact established by Prodanov
[21] in the Abelian case by a different method (cf. Section 4).
Theorem 3.2. Every homomorphism f :G → H of abstract groups is M-continuous
whenever f (G) · cH (f (G)) = H .
Proof. It suffices to prove that f : (G,T ) → (H,MH ) is continuous for every maximal
topology T on G. Clearly, the composition G → f (G) ↪→ H is continuous whenever both
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two cases:
(a) f is surjective;
(b) f :G ↪→ H is an inclusion with f (G) · cH (f (G)) = H , i.e., G is a subgroup of H
with G · cH (G) = H .
(a) Assume that f is surjective and let N = kerf . If the normal subgroup N is neither
T -open nor T -discrete, then one can get a finer non-discrete group topology on G by taking
N open. This contradicts the maximality of T . Let T ′ denote the quotient topology on H
that makes the homomorphism f quotient. In order to show that f : (G,T ) → (H,MH )
is continuous it suffices to prove that T ′ MH . If N is T -open, then T ′ is discrete.
Hence, obviously, T ′ MH . Now assume that N is T -discrete. Then the quotient map
f : (G,T ) → (H,T ′) is a local homeomorphism. Let U be a symmetric neighborhood of
the identity e in (G,T ) such that U2 ∩ N = {e}. Then f ↼ U :U → f (U) is a homeomor-
phism. Moreover, this remains valid when U is replaced by any conjugate Ua = a−1Ua
of U , a ∈ G. Let σ ′  T ′ be a non-discrete group topology on H . Then, for every
σ ′-neighborhood V of eH contained in some f (Ua), consider the restricted inverse im-
age V ′a = f−1(V )∩Ua . The sets V ′a form a filter base at the identity of G that determines
a non-discrete group topology σ on G with σ  T . By the maximality of T this yields
σ = T and, consequently, σ ′ = T ′. Thus the quotient topology T ′ is maximal on H and,
hence, T ′ MH is proved again.
(b) It suffices to see that one can extend maximal topologies from G to H under the
condition G · cH (G) = H . Let T be a maximal topology of G. Declare G (as well as
all T -open subsets of G) open in H to get a group topology TH on H . Only one of the
axioms of a base of a group topology need a special care. Let U be a neighborhood of e
in (G,T ) and let h ∈ H . We have to find a neighborhood V of e in (G,T ) such that
V h ⊆ U . Now G · cH (G) = H implies that h = gc for some g ∈ G and c ∈ cH (G). Choose
a neighborhood V of e in (G,T ) such that V g ⊆ U . Since c ∈ cH (G), this implies that
V h ⊆ U .
Let us see that TH is a maximal topology of H as well. Indeed, assume that T ′ is a
non-discrete group topology on H with T ′  TH . Then G is a T ′-open subgroup of H ,
hence T ′ ↼ G is a non-discrete group topology on G with T ′
↼
G  T . By the maximality of
T it follows that T ′ ↼ G = T . Since G is T ′-open, this yields T ′ = TH . 
It follows from the above theorem that surjective homomorphisms are always M-con-
tinuous. This implies that for every normal subgroup N of a group G, the quotient topology
MG/N on G/N is finer than MG/N .
Another important fact, noted first by Prodanov, is that the submaximal topology in the
category of Abelian groups is functorial in the following sense:
Corollary 3.3. Every homomorphism f :G → H of abstract Abelian groups is M-con-
tinuous.
Proof. If H is Abelian, then cH (G) = H and Theorem 3.2 applies. 
794 D. Dikranjan et al. / Topology and its Applications 153 (2005) 786–8173.2. The impact on subgroups
The condition f (G) · cH (f (G)) = H on the homomorphism f cannot be removed in
Theorem 3.2 since the inclusion G ↪→ H is notM-continuous when H is a Markov group
and G is an infinite Abelian subgroup of H (in this case, MG is non-discrete while MH
is discrete). In Shelah’s example [24], H is a torsion-free Markov group, so every cyclic
subgroup G of H will work. This example shows that the submaximal topology MH
of H need not induce the submaximal topology MG on a subgroup G of H (see also
Example 4.9 for the Abelian case).
Theorem 3.4. Let H be a non-discrete topological group and let G be an infinite subgroup
of H with cH (G) · G = H . Then H admits a transversal group topology in each of the
following cases:
(a) G admits a transversal group topology.
(b) G is discrete and non-minimal (i.e., admits a non-discrete group topology).
Proof. Assume that H admits no transversal group topology. Then its topology τ is coarser
than MH by Lemma 3.1. This implies τ
↼
G MH
↼
G. By Theorem 3.2 applied to the
inclusion G ↪→ H , we get MH
↼
G MG. This implies τ
↼
G MG. If G is non-discrete,
then, by Lemma 3.1, G does not admit a transversal group topology, so neither (a) nor (b)
can hold. In case G is discrete, we conclude that G is a Markov group, so G is discrete and
minimal, so again (b) and (a) fail to hold. 
Corollary 3.5. Suppose that a non-discrete topological group H contains an infinite cen-
tral subgroup G which is either discrete or admits a transversal group topology. Then H
admits a transversal group topology.
Proof. Since cH (G) = H , obviously G ·cH (G) = H holds true. Now Theorem 3.4 applies
since every infinite Abelian group admits a non-discrete group topology [17]. 
Remark 3.6. It should be noted that “central” cannot be replaced by “normal” in Theo-
rem 3.5 since it is not always possible to extend a group topology defined on a normal
subgroup to a group topology on the whole group declaring the normal subgroup open in
the whole group. The condition G · cH (G) = H guarantees such extendibility. (It implies
that G is a normal subgroup. Note that the formally weaker condition 〈cH (G),G〉 = H
leads to the normality of G and, consequently, G · cH (G) = H .)
Corollary 3.7. The additive groups Q, Qp (for p ∈ P), R, C, the multiplicative groups
R∗ = R \ {0}, C∗ = C \ {0} and the groups GL(n,R), GL(n,C) (endowed with their usual
topologies) have transversal group topologies.
Proof. The Abelian groups Q, R and C contain the discrete subgroup Z, so the existence
of transversal group topologies for these groups follows from Corollary 3.5. The group R∗
is topologically isomorphic to the product R × Z(2); hence, Corollary 3.5 applies here.
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tains the central diagonal subgroup D(n,R) whose elements are diagonal matrices with a
constant diagonal (a1,1 = · · · = an,n). Clearly, D(n,R) is topologically isomorphic to the
multiplicative group R∗, so the conclusion for GL(n,R) follows from Corollary 3.5. The
same argument works for the group GL(n,C).
Let us show that Qp ∈ Trans. By Corollary 3.5, it suffices to see that the subgroup
G = {a/pn: a,n ∈ Z} of Qp belongs to Trans. Note that Z is an open subgroup of G in
the p-adic topology of Qp . Now consider the topology τ on G induced by the inclusion
G ↪→ R. The set U = G ∩ (−1,1) is a τ -neighborhood of 0 in G with U ∩ Z = {0}.
This proves that τ is transversal to the p-adic topology of G, so G ∈ Trans and Qp ∈
Trans. 
3.3. Products
Here we study the productivity properties of the submaximal topology and their impact
on transversability.
Lemma 3.8. For an arbitrary family {Gi}i∈I of groups and G =∏i∈I Gi , one hasMG ∏
i∈I MGi . If the index set I is finite, this inequality becomes an equality.
Proof. The inequality MG 
∏
iMGi follows from the M-continuity of the (surjective)
projections G → Gi , i ∈ I (due to Theorem 3.2). To prove the opposite inequality in case I
is finite, it is not restrictive to assume that I = {1,2}. Again, by Theorem 3.2, the inclusions
ιj :Gj ↪→ G (j = 1,2) are M-continuous. Thus, MG is coarser than MG1 × δG2 and
δG1 ×MG2 . Since the infimum of these topologies is MG1 ×MG2 , we are through. 
As another application of Theorem 3.4 we deduce that the class Trans is productive.
In fact, we obtain the following more general result that follows immediately from Theo-
rem 3.4.
Corollary 3.9. A product group K ×H belongs to Trans in each of the following cases:
(a) H admits a transversal group topology;
(b) H is discrete and non-minimal and K is non-discrete.
By Corollary 3.9, if G ∈ Trans, then G × H ∈ Trans for every topological group H .
Obviously, the converse of this statement (if G×H ∈ Trans for every topological group H ,
then G ∈ Trans) is trivially valid (just take H = {0}). The next proposition implies a
stronger result: if G×H ∈ Trans for some topological group H /∈ Trans, then G ∈ Trans.
This characterizes the product groups that belong to Trans.
Proposition 3.10. If {Gi : i ∈ I } is a family of Abelian topological groups, then G =∏
Gi ∈ Trans iff there exists i ∈ I such that Gi ∈ Trans.i∈I
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that G ∈ Trans implies that Gi ∈ Trans for some i ∈ I . Assume, for a contradiction, that
Gi /∈ Trans for every i ∈ I . Then τi MGi for every i ∈ I according to Lemma 3.1.
By Lemma 3.8, MG is finer than the Tychonov product of the topologies τi . Again, by
Lemma 3.1, this yields G /∈ Trans. 
Remark 3.11.
(a) In spite of the strong preservation property of transversability with respect to direct
products, the semidirect products may easily destroy transversability. Indeed, accord-
ing to an example from [13], there exist two groups G = (R,+) and H = (R+, ·) ∼= G
in Trans whose semidirect product is not in Trans.
(b) It follows from Corollary 3.9 that the class Trans is not closed under taking quotient
groups. More precisely, every topological group G is a quotient of the group G× Q ∈
Trans. In view of Corollary 3.9 it is also natural to ask the following question: Does
the existence of an open homomorphism f :G → H of a topological group G onto a
group H ∈ Trans imply that G ∈ Trans? In other words, we ask whether a group G
belongs to Trans if some infinite quotient of G does. The negative answer will be
given in Example 5.4 below.
By Corollary 3.5, the existence of a central subgroup of a topological group G with
“good” properties (discrete or admitting transversal topologies) implies that G admits a
transversal group topology. On the other hand, the existence of a “bad” closed normal
subgroup H of G does not necessarily have the same impact on G. In other words, the class
Trans is not hereditary, even with respect to open normal subgroups of countable index (it
is easy to see that Trans is closed with respect to taking subgroups of finite index). Indeed,
every infinite non-discrete topological group H embeds as an open normal subgroup into
a topological group G that admits a transversal group topology and satisfies [G :H ] = ω.
To this end consider the direct product G = H × Zd , where Zd is the discrete group of
integers. Clearly, H ∼= H × {0} is an open normal subgroup of G, while G ∈ Trans by
Corollary 3.9.
3.4. Precompactness destroys transversability
Let us now show that precompactness is an important obstacle to the existence of
transversal group topologies. In fact, we shall see in Section 5 that many non-precompact
Abelian topological groups do admit transversal group topologies. We need the following
property of the submaximal topology:
Proposition 3.12. MG PG for every group G.
Proof. Assume that PG MG fails. Then G is infinite and there exists a maximal topol-
ogy T on G such that PG  T fails. Then PG ∨T = δG. So there exists a neighborhood U
of the identity e in PG and a neighborhood V of e in T such that (U ·U−1)∩ (V ·V −1) =
{e}. Since PG is precompact, there exists a finite subset F of G such that U · F = G.
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v2 ∈ U · f . Then e = v1 · v−12 ∈ (U · U−1) ∩ (V · V −1), which is a contradiction. Conse-
quently, PG MG. 
Theorem 3.13. No precompact group topology on an infinite group admits a transversal
group topology.
Proof. Follows directly from Proposition 3.12 and Lemma 3.1. 
It is worth mentioning that infinite direct products of non-precompact topological
groups need not always admit a transversal group topology (cf. Example 4.4).
Corollary 3.14. If a topological group (G, τ) admits a transversal group topology T , then
every precompact subgroup K of (G, τ) is T -discrete.
Proof. Clearly, the topology τ
↼
K ∨ T
↼
K on K is discrete. Therefore, Theorem 3.13 im-
plies that T ↼ K is discrete. 
As another consequence of the inequalityMG PG we obtain:
Proposition 3.15. Let G be an infinite Abelian group. Then (G,MG) has no non-trivial
convergent sequences and no infinite subgroup H of G can be complete in MG
↼
H .
Proof. The identity isomorphism (G,MG) → (G,PG) is continuous and the group
(G,PG) does not contain non-trivial convergent sequences by a theorem of Flor [14].
Therefore, every convergent sequence in (G,MG) is trivial.
Let now H be an infinite subgroup of G and assume that H is complete in MG
↼
H . It
is easy to see that H will contain a subgroup H1 of one of the following three types:
(a) H1 ∼= Z;
(b) H1 ∼= Z(p∞) for some prime p; or
(c) H1 ∼=⊕∞n=1 Z(pn), where p1,p2, . . . , pn, . . . are primes.
In all three cases the submaximal topology of H1 is precompact (cf. Theorems 4.11
and 4.12). Since it is finer thanMG
↼
H1 , it follows thatMG
↼
H1 is precompact too. On the
other hand, every subgroup of G is PG-closed [12], hence alsoMG-closed, byMG PG.
Therefore, the subgroup H1 is closed in MG
↼
H , hence complete. This yields that H1 is
compact. On the other hand, this is not possible as H1 is countably infinite, which is a
contradiction. 
The reader should be assured that the application of Theorems 4.11 and 4.12 in the
above proof does not lead to a circular proof since the above proposition is not used further
in the paper.
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The submaximal topology of an Abelian group G can be explicitly computed, as Pro-
danov showed in [21] (see also [10, Theorem 2.8.3]). Indeed, MG = PG ∨ TG, where TG
is the group topology on G having the family {nG + Soc(G): n ∈ N} as a base of neigh-
borhoods of 0. Note that TG need not be Hausdorff in general (e.g., when Soc(G) = {0}
or when G is divisible; in the latter case TG = ιG). The inequality MG  PG is Propo-
sition 3.12. An independent proof of the inequality MG  TG will be obtained at the
end of Section 4.1 (cf. Corollary 4.3). The inequality MG  PG ∨ TG will not be proved
here. It was observed by Prodanov that the equality MG = PG ∨ TG gives an immedi-
ate proof of Corollary 3.3 (i.e., M-continuity of all homomorphisms in the Abelian case),
since every homomorphism of Abelian groups is P-continuous and T -continuous (in the
obvious sense).
4.1. Potentially discrete subgroups of abstract Abelian groups
Since precompactness is the main restraint we have against the existence of transver-
sal topologies, Corollary 3.14 suggests to study the potentially discrete subgroups of a
given group G, i.e., those subgroups of G that one can render discrete in an appropriate
group topology on G. The next proposition shows that these are precisely the subgroups
of G that are small with respect toMG (i.e., notMG-open). Or equivalently, going to the
opposite (largeness) property: every subgroup of finite index, as well as every subgroup
nG+ Soc(G) isM-large (i.e.,MG-open); these are the subgroups that one cannot render
discrete in any non-discrete group topology on G. More precisely, we will see in Proposi-
tion 4.5 that these are exactly the subgroups of finite index of the groups nG+ Soc(G).
Proposition 4.1. Let G be an Abelian group and let K be a subgroup of G. Then there
exists a non-discrete group topology T on G such that K is discrete in (G,T ) iff K is not
MG-open.
Proof. Clearly, if T is a non-discrete group topology and K is discrete in (G,T ), then
we can assume without loss of generality that T is maximal. Hence, K is not T -open
and consequently, K is notMG-open. Viceversa, if K /∈MG, then there exists a maximal
group topology T on G such that K /∈ T . Then the family of all intersections K∩U , where
U runs over the filter of all T -neighborhoods of 0, is a filter base of neighborhoods of 0 in
a group topology T ′ on G that is strictly finer than T as K ∈ T ′. By the choice of T this
gives T ′ = δG. Hence K ∩U = {0} for some U ∈ T . Therefore, K is T -discrete. 
Lemma 4.2. Let G be an Abelian group and T be a group topology on G.
(a) If Soc(G) is T -discrete, then G[n] is T -discrete for every n ∈ N. In particular, if G is
bounded torsion, then Soc(G) is MG-open.
(b) If nG is T -discrete for some n ∈ N, then G[n] is T -open. In particular, if G is torsion-
free, then the subgroup nG of G is MG-open for every n ∈ N.
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V ∈ T such that V ∩ K = {0}. For every n ∈ N, pick Wn ∈ T with 0 ∈ Wn such that
Wn + · · · +Wn︸ ︷︷ ︸
n
⊆ V .
(a) Let K = Soc(G). Assume that n = p1 · · ·pk , where p1, . . . , pk ∈ P, and argue by
induction on k to prove that Wn ∩ G[n] is zero. When k = 1, G[n]  Soc(G), so the
intersection Wn ∩ G[n] is trivial as Wn ⊆ V and V ∩ Soc(G) = {0}. Assume that Wn ∩
G[p1 · · ·pi] = {0} for some i < k, set for brevity m = p1 · · ·pi · pi+1 and take w ∈ Wn ∩
G[m]. Then, for w1 = p1 · · ·pi ·w, one has pi+1 ·w1 = 0 and w1 ∈ V by the choice of Wn.
Hence, w1 ∈ Soc(G) ∩ V = {0}, i.e., w1 = 0. Therefore, w ∈ G[p1 · · ·pi] ∩ Wn, and our
assumption gives w = 0. If G is bounded torsion, then G = G[m] for some m ∈ N, so
Proposition 4.1 implies that Soc(G) is MG-open.
(b) Let K = nG. If w ∈ Wn, then nw ∈ V ∩ nG = V ∩K , so nw = 0. Hence, w ∈ G[n]
and, consequently, Wn ⊆ G[n]. This proves that G[n] is T -open. If G is torsion-free, this
proves that T is discrete. In this case, Proposition 4.1 implies that nG is MG-open. 
Corollary 4.3. Let G be an Abelian group. Then TG MG.
Proof. Assume to the contrary that K = nG + Soc(G) is not MG-open for some n ∈ N.
Then, by Proposition 4.1, there exists a maximal group topology T on G such that K is
T -discrete. By (a) and (b) of Lemma 4.2, the subgroup G[n] is simultaneously T -dis-
crete and T -open. Hence, T is discrete, a contradiction. This proves that K ∈MG and,
therefore, TG MG. 
Example 4.4. In connection to Theorem 3.13 we give here an example of a non-precompact
Abelian group G with Gω /∈ Trans. Let G = Z(p2)ω carry the group topology τ such that
its compact subgroup K = Z(p)ω is open and inherits from G its usual product topology.
Then G is a non-precompact locally compact group with G /∈ Trans. Indeed, K = Soc(G)
is open and precompact and p2G = {0}, so that K = Soc(G) + p2G. Hence, τ  PG ∨
TG MG by Proposition 3.12 and Corollary 4.3, so Lemma 3.1 can be applied to get
G /∈ Trans. Then the product group Gω equipped with the product topology does not
belong to Trans by Proposition 3.10. Another proof of the fact that Gω /∈ Trans can be
obtained by means of Corollary 5.12 below.
Let G be an abstract Abelian group. Borrowing notation from set theory, we write
B ∗ A for subgroups A,B G when (A + B)/A ∼= B/(A ∩ B) is finite. If A B , then
B ∗ A simply means that the subgroup A has finite index in B .
Proposition 4.5. Let G be an Abelian group. Then for a subgroup K G, the following
conditions are equivalent:
(a) K is MG-open;
(b) there exists n ∈ N such that Mn = nG+ Soc(G)∗ K (i.e., the subgroup K ∩Mn has
finite index in Mn);
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for some n ∈ N;
(d) there exists a finite subgroup F of G such that K + F is MG-open;
(e) K is νG-open (i.e., K contains nG for some n ∈ N) and Soc(G)∗ K .
Proof. By Proposition 3.12, every subgroup of G is MG-closed (being PG-closed, see
[12, Theorem 5.1(e)]). Therefore, a finite-index subgroup of an MG-open subgroup is
necessarily MG-open. Since Mn ∈MG for each n ∈ N by Corollary 4.3, this yields that
Mn ∩ K (and, consequently, K) is MG-open if Mn ∗ K . This proves the implication
(b) ⇒ (a).
To prove (a) ⇒ (b) assume that K ∈MG. By the formula MG = TG ∨ PG (due to
Prodanov [21]), there are n ∈ N and U ∈ PG with 0 ∈ U such that U ∩ Mn ⊆ K . Since
PG
↼
Mn
= PMn by [12, Theorem 5.1(d)], we conclude that K ∩ Mn ∈ PG
↼
Mn
; hence,
K ∩Mn has finite index in Mn.
(b) ⇒ (c). Our hypothesis implies that K ∩ Soc(G) has finite index in Soc(G). Since
every subgroup of Soc(G) splits, we can write Soc(G) = [K ∩ Soc(G)] ⊕ F for a finite
subgroup F  Soc(G). If |Mn/(Mn ∩ K)| = m, then K  mnG and K + F  Soc(G).
Thus, K + F ∈ TG.
(c) ⇒ (d) is trivial.
To prove the equivalence of (a) and (d) we have to check that for a finite subgroup F
of G, the subgroup K + F is MG-open iff K is MG-open. Indeed, according to Proposi-
tion 4.1, it suffices to see that if K is T -discrete for some group topology T on G, then so
is the subgroup K + F G. If K is T -discrete, it is a closed subgroup of K + F . Since it
has finite index in K +F , it must be open in K +F . So the subgroup K +F is T -discrete.
Finally, (e) is equivalent to (b) since |Mn/(K ∩Mn)| = m implies that mnGK . 
4.2. When MG and PG coincide
Here we start the study of the class M of Abelian groups G such that MG is pre-
compact, i.e., coincides with the Bohr topology PG of G. The next theorem explains the
particular relevance of this class showing that M coincides precisely with the class of the
abstract Abelian groups on which every non-discrete non-precompact group topology has a
transversal one (one may consider these groups as “extremely transversable” in this sense).
We shall see in the sequel that all divisible groups and all finitely generated groups have
this property.
Theorem 4.6. An Abelian group G belongs to M iff every non-discrete non-precompact
group topology on G has a transversal one.
Proof. Assume that every non-discrete non-precompact group topology on G has a
transversal one. By Lemma 3.1, (G,MG) /∈ Trans which yields that MG is precompact
and, hence, G ∈ M.
If G ∈ M, then MG is precompact, so every non-precompact group topology τ on G
satisfies τ MG. Now Lemma 3.1 guarantees (G, τ) ∈ Trans. 
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ness” of TG we do not mean it is Hausdorff) or, equivalently, when nG+Soc(G) has finite
index in G for each n ∈ N. Let us start with two simple lemmas.
Lemma 4.7. The direct sum G = K ⊕L is in M iff both K and L are in M.
Proof. The conclusion follows from the equality nG+Soc(G) = (nK+Soc(K))⊕ (nL+
Soc(L)). 
Lemma 4.8.
(a) M is stable with respect to taking finite direct products and quotients.
(b) If G is bounded torsion, then G ∈ M iff G/Soc(G) is finite.
(c) G ∈ M whenever G/Soc(G) is either finitely generated or divisible. In particular, all
divisible Abelian groups and all finitely generated groups are in M.
Proof. (a) Follows from Lemma 4.7 and Corollary 3.3 or through a direct computation of
TG1×G2 and TG/H for a subgroup H of G.
(b) By our assumption, there exists n ∈ N such that nG = 0. Therefore, nG+Soc(G) =
Soc(G) has finite index in G iff G/Soc(G) is finite.
(c) Recall that the natural topology νH on an Abelian group H is defined as the one
having the family of subgroups {nH }∞n=1 as a local base at 0. Now one can easily see that
the topology TG of G is nothing else but the initial topology of the canonical quotient map
G → H = G/Soc(G) when H is equipped with its natural topology. It remains to add that
the natural topology of finitely generated or divisible Abelian groups is precompact (in the
latter case it is simply indiscrete). 
In the example that follows we discuss several properties of the class M.
Example 4.9.
(1) M is not stable with respect to taking subgroups since every Abelian group H is a
subgroup of a divisible Abelian group G (cf. (a) of Lemma 4.8). This shows that the
equality MH =MG
↼
H will fail in such a case, since MG = PG, so that MG
↼
H =
PG
↼
H =PH , whileMH need not be precompact.
(2) M is not stable with respect to taking extensions. Indeed, G = Z(4)ω /∈ M by (b) of
Lemma 4.8, while H and G/H are in M, for H = Z(2)ω = Soc(Z(4)ω). This should
be compared with Lemma 4.10 and Corollary 4.13 below.
(3) Zp ∈ M for every prime p simply because TZp is the p-adic topology of Zp . More
generally, G = ∏p∈P Zαpp ∈ M for some collection of cardinals {αp}p∈P iff all αp
are finite. Note that these groups are torsion-free, so TG = νG; for this case, apply
Orsatti’s theorem in [20] characterizing all Abelian groups G with νG compact; see
also [8, Section 2.1].
Lemma 4.10. G ∈ M iff both t (G) and G/t(G) are in M.
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Soc(G) ⊆ t (G), we have
(
nG+ Soc(G))∩ t (G) = [nG∩ t (G)]+ Soc(G) = nt (G)+ Soc(G),
where the first equality follows from the modular law in the lattice of subgroups of G. This
proves that the quotient t (G)/(nt (G) + Soc(G)) is isomorphic to a subgroup of the finite
quotient G/(nG+ Soc(G)). Since Soc(G) = Soc(t (G)), we conclude that t (G) ∈ M.
On the other hand, it easily follows from the second isomorphism theorem that if for
some H G, both t (G)/(t (G)∩H) and G/(t (G)+H) are finite, then also G/H is finite.
Now assume that both t (G) and G/t(G) are in M and set H = nG + Soc(G) for some
n ∈ N. Then the above argument applies to see that G/(nG+ Soc(G)) is finite. 
Lemma 4.10 permits us to treat separately the cases of torsion and torsion-free groups.
Moreover, as the maximal divisible subgroup d(G) of every Abelian group G splits, one
can consider only the case of reduced groups. This will be the strategy in the proof of the
next theorem.
Theorem 4.11. A torsion Abelian group G belongs to M iff G/(d(G) + Soc(G)) =⊕
p Fp , where each Fp is a finite p-group. In particular, a reduced torsion Abelian
group G is in M iff G/Soc(G) =⊕p Fp .
Proof. We start with the case of a reduced p-torsion group G. We have to show that G is
in M iff G/Soc(G) is finite. Note that the condition is sufficient by (c) of Lemma 4.8.
Assume that G ∈ M. Let B be a p-basic subgroup of G, i.e., B =⊕a Ca , where Ca’s
are cyclic p-groups, G/B is divisible and B is a pure subgroup of G (that is, pnG ∩ B =
pnB for every natural n; see [15]). We shall show that B is bounded in the sense that
pnB = {0} for some n ∈ N. This will imply pnG∩B = {0} by the purity of B . Then by the
divisibility of G/B , we have G = pnG + B , whence G = B ⊕ pnG. Since pnG ∼= G/B
is divisible and G is reduced, we can conclude that this is possible only if G = B , so G is
bounded. This proves that G/Soc(G) is finite by (b) of Lemma 4.8.
To prove that B is bounded note that, by (a) of Lemma 4.8, G ∈ M implies G/p2B ∈ M.
In other words,
G/p2G = (p2G+B)/p2G ∼= B/(p2G∩B)= B/p2B ∼=⊕
a
Ca/p
2Ca ∈ M
(here p2G+B = G by the divisibility of G/B). Therefore, B/p2B =⊕a Ca/p2Ca ∈ M,
so Soc(B/p2B) must have finite index in B/p2B by (b) of Lemma 4.8. Since Ca/p2Ca ⊆
Soc(B/p2B) only when Ca ⊆ Soc(B), it follows that Soc(G) contains all but finitely many
of the groups Ca . This proves that the group B is bounded.
Let us consider now the case of a torsion reduced group G. Then d(G) = {0} and we
have to prove that G ∈ M iff G/Soc(G) =⊕p Fp , where each Fp is a finite p-group.
Since, for every n ∈ N, the subgroup nG contains all but finitely many of the primary
components tp(G) of G and each tp(G) is a direct summand in G, Lemma 4.7 implies that
G ∈ M iff every tp(G) ∈ M. Now the above argument applies.
D. Dikranjan et al. / Topology and its Applications 153 (2005) 786–817 803In the general case, G = d(G)⊕G1, where G1 is reduced. Then Soc(G) = Soc(d(G))⊕
Soc(G1), so G/(d(G) + Soc(G)) ∼= G1/Soc(G1) and the argument in the above case ap-
plies. 
Theorem 4.12. A torsion-free Abelian group G is in M iff G/pG is finite for every
prime p.
Proof. Since Soc(G) = {0}, the necessity of the condition is obvious. For the suffi-
ciency observe that, for every pair of positive natural numbers m,n, one has the equality
|G/mnG| = |G/mG| · |G/nG|. Indeed, the multiplication x → m · x by m is a monomor-
phism f :G → G with the image mG and f (nG) = mnG. Hence, f induces an isomor-
phism G/nG ∼= mG/mnG, and we have
|G/mnG| = |G/mG| · |mG/mnG| = |G/mG| · |G/nG|.
This completes the proof. 
Corollary 4.13. Let G be a torsion-free Abelian group.
(a) If r(G) < ∞, then G ∈ M.
(b) If for H G, the quotient G/H is torsion-free and H,G/H ∈ M, then G ∈ M.
(c) If the quotient G/H is divisible for some finitely generated H G, then G ∈ M.
Proof. (a) If n = r(G), then G can be identified with a subgroup of Qn containing the
subgroup Zn of Qn. Fix a prime number p. Then the quotient G/pG is isomorphic to a p-
torsion subgroup of the quotient Qn/pG. Since the latter quotient is in turn isomorphic to a
quotient of Qn/Zn, we conclude that G/pG is isomorphic to a subgroup of Z(p∞)n. Since
G/pG is an elementary Abelian group, this yields that G/pG is finite. By Theorem 4.12,
G ∈ M.
(b) Let p be a prime. Since the quotient G/H is torsion-free, one has pG ∩ H = pH .
This means that H/pH is isomorphic to a subgroup N = (pG+H)/pG of G/pG. More-
over, (G/pG)/N ∼= G/(pG + H) ∼= (G/H)/p(G/H). The latter quotient is finite since
G/H ∈ M by hypothesis. Since N ∼= H/pH is also finite, we conclude that G/pG is finite
for every prime p. Thus, G ∈ M by Theorem 4.12.
(c) According to Theorem 4.12 it suffices to check that G/pG is finite for every prime p.
Since G/H is divisible, we have G = pG + H , so that the torsion group G/pG = pG +
H/pG ∼= H/(pG∩H) is finitely generated as a quotient of the finitely generated group H .
Thus, G/pG is finite. 
In the following corollary we describe the groups whose infinite powers belong to the
class M.
Corollary 4.14. Let G be an Abelian group. Then the following are equivalent:
(a) G = nG+ Soc(G) for every n ∈ N;
(b) G/Soc(G) is divisible;
(c) Gω ∈ M;
(d) Gα ∈ M for every cardinal α.
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(a) ⇒ (d). Let n ∈ N. Then n · Gα + Soc(Gα) = (n · G)α + Soc(Gα). Since Gα[n1]
Soc(Gα)Gα[n1]+n ·Gα , where n1 is the product of all distinct prime numbers dividing
n, we get
n ·Gα + Soc(Gα)= (n ·G)α +Gα[n1] = (n ·G)α +G[n1]α
= (n ·G+G[n1])α = (n ·G+ Soc(G))α = Gα.
Hence, the group Gα itself satisfies (a) that guarantees Gα ∈ M.
(c) ⇒ (a). Fix n ∈ N. Then n · Gω + Soc(Gω) = (n · G + Soc(G))ω by the above
argument. Hence, this subgroup of Gω may have finite index in Gω only if it coincides
with Gω. Then n ·G+ Soc(G) = G. 
5. Applications to transversality
5.1. M-open homomorphisms of Abelian groups
Let H be an infinite subgroup of an Abelian group G. Then Corollary 3.3 ensures that
MH MG
↼
H . In general, however, one cannot prove the equality MH =MG
↼
H (see
(1) of Example 4.9).
Since a surjective homomorphism f :G → H of abstract groups is always M-con-
tinuous, it follows that the quotient topology MG/kerf on H coincides with MH pre-
cisely when f is M-open.
Proposition 5.1. A surjective homomorphism f :G → H of abstract Abelian groups is
M-open whenever f (Soc(G)) = Soc(H). In particular, this occurs when kerf is divisi-
ble.
Proof. Suppose that f (Soc(G)) = Soc(H). Since the Bohr topology PH of H coincides
with the quotient of the Bohr topology PG of G (cf. [12, Theorem 5.1]), it suffices to note
that f : (G,TG) → (H,TH ) is open due to our hypothesis and the equality f (nG) = nH .
Let us check now that the equality f (Soc(G)) = Soc(H) holds if kerf is divisible.
Indeed, if x ∈ H and p · x = 0 for some p ∈ P, then there exists y ∈ G such that f (y) = x,
whence p · y ∈ kerf . Now we can find z ∈ kerf such that p · y = p · z, so t = y − z ∈
G[p] ⊆ Soc(G). Since x = f (y) = f (t), the inclusion Soc(H)  f (Soc(G)) is proved.
The inverse inclusion is trivially true. 
As a corollary to this proposition we obtain a new proof of the equality MG1×G2 =
MG1 ×MG2 in Lemma 3.8 for arbitrary Abelian groups G1, G2. Indeed, since PG1×G2 =
PG1 × PG2 by [12, Theorem 5.1], it suffices to check that TG1×G2 = TG1 × TG2 . This
follows from the equalities Soc(G1×G2) = Soc(G1)×Soc(G2) and n(G1×G2) = nG1×
nG2, n ∈ N.
The reader may have thought that the restraint in Proposition 5.1 seems somewhat strong
and artificial. Let us show thatM-openness of surjective homomorphisms is quite a restric-
tive condition and this leads to a new characterization of the class M.
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(a) every surjective homomorphism f :G → H of abstract Abelian groups is M-open;
(b) MG coincides with PG, i.e., G ∈ M.
Proof. Suppose that G ∈ M. By (a) of Lemma 4.8, this implies that G/N ∈ M for every
quotient of G. HenceMG coincides with PG andMG/N coincides with PG/N . Therefore,
f :G → G/N is M-open, being open with respect to the Bohr topologies of these groups
[12, Section 5]. This proves the implication (b) ⇒ (a).
Now assume that (a) holds. Then every quotient G/N of G has the same prop-
erty. Indeed, for every pair of subgroups N1  N of G the quotient homomorphisms
f :G → G/N and f1 :G → G/N1 are M-open by hypothesis. Then obviously the quo-
tient homomorphism g :G/N → G/N1 satisfies f1 = g ◦ f and, hence, g is M-open as
well. Thus G/N satisfies (a). To show that MG coincides with PG we have to check
whether certain sets V ∈MG belong to PG. It is well known that if ∅ = V ∈ PG, then
there exists a finite set F ⊆ G such that F + V = G, i.e., V is a big subset of G.2 More
generally, for a subgroup H of G, we say that a subset V of G is big with respect to H if
there exists a finite set F ⊆ G such that F + V ⊇ H .
Claim. Assume that the group G satisfies (a) and N is a subgroup of G with G/N ∈ M. If
U,V are MG-open neighborhoods of 0 satisfying
U +U +U +U +U +U +U +U ⊆ V (1)
and U is big with respect to N , then V ∈PG.
Indeed, by hypothesis, there exists a finite set F ⊆ G such that N ⊆ F + U . By (a),
the quotient homomorphism f :G → G1 is M-open, where G1 = G/N . Hence f (U)
is MG1 -open. This shows that f (U) ∈ PG1 , as MG1 = PG1 by hypothesis. Hence there
exists a finite set F1 of G such that f (F1)+f (U) = G1. In other words, F1 +U +N = G.
Therefore, G ⊆ F1 + U + U + F ⊆ F1 + F + (U + U). This proves that U + U is a big
set in G. Hence V ∈PG by Følner’s theorem (see [10, 1.4.3] along with [10, §1.5.2]). The
claim is proved.
To continue the proof of Theorem 5.2 we show first that MG coincides with PG for
bounded torsion groups G, i.e., we assume that nG = 0 for some n ∈ N. Let n = p1 · · ·ps
be a factorization of n in prime (not necessarily distinct) factors. We shall argue by induc-
tion on s. If s = 1, then G = Soc(G), so G belongs to M and we are done. Now assume
that for some s > 1, our assumption is proved for all bounded torsion groups of exponent
which factors into less than s primes. Consider any V ∈MG with 0 ∈ V and choose a
symmetric U ∈MG with 0 ∈ U satisfying (1). By [10, Lemma 2.8.1], there exists d ∈ N
such that dG = {0} and U + F contains dG for some finite set F ⊆ G. Since by assump-
tion nG = {0}, we can assume without loss of generality that d|n. If d = 1 we can apply
the above claim with N = G to conclude that V is a neighborhood of 0 in PG. Therefore,
2 Nevertheless, in general this condition is not sufficient for V ∈MG (see [6]).
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Consider the quotient homomorphism f :G → G/dG. The group G1 = G/dG has a finite
exponent n/d that factors into less than s primes and satisfies (a) by the initial remark.
Therefore MG1 =PG1 , so we can apply claim to get V ∈PG.
In the general case, pick any neighborhood of zero V ∈MG and choose a symmetric
U ∈MG with 0 ∈ U satisfying (1). By [10, Lemma 2.8.1], there exists d ∈ N such that
dG = {0} and U is big with respect to dG. Consider the quotient homomorphism f :G →
G/dG. The group G1 = G/dG has the finite exponent d , so that MG1 = PG1 . Another
application of the above claim gives V ∈PG. 
We show now that in the case of Abelian topological groups G,H with H ∈ Trans and
a surjective continuous homomorphism f :G → H , the conclusion G ∈ Trans depends
only on the underlying abstract groups in the following sense.
Proposition 5.3. Let f :G → H be an M-open surjective homomorphism of abstract
Abelian groups and let τ and σ be a pair of group topologies on G and H , respectively,
such that f : (G, τ) → (H,σ ) is continuous. Then (G, τ) ∈ Trans whenever (H,σ ) ∈
Trans.
Proof. Assume that (G, τ) /∈ Trans. Then τ MG by Lemma 3.1. By the M-openness
and the continuity of f this yields σ MH . So again by Lemma 3.1, we conclude that
(H,σ ) /∈ Trans. 
The next example shows that the domain of a surjective continuous homomorphism f
may fail to inherit transversability from the image if f is not M-open.
Example 5.4. There exists an open and closed surjective continuous homomorphism
f :G → G1 of metrizable locally compact Abelian groups such that G1 admits a transver-
sal topology while G does not.
Proof. Let K = Zωp and G = K × K . Set N = K × pK and H = pK × pK . Consider
the topology τ on G for which N is an open subgroup and carries its natural compact
product topology. Then H is closed in (G, τ) and the topology σ of the quotient group
G1 = G/H ∼= K/pK × K/pK coincides with the product of the natural compact topol-
ogy of K/pK ∼= Z(p)ω and the discrete topology of the second factor K/pK . Therefore,
(G1, σ ) ∈ Trans by (b) of Corollary 3.9. To see that (G, τ) /∈ Trans we apply Lemma 3.1:
it suffices to check that τ MG. Indeed, N is a τ -precompact τ -open neighborhood
of 0 in G and N contains the MG-open subgroup pG + Soc(G) = pG = H . There-
fore, N ∈ MG and τ
↼
N ⊆ MG = MK ×MK (see Lemma 3.8) together imply that
τ MG. 
The reader can find a situation of the above kind in the non-Abelian context in [13].
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Here we study families of mutually transversal topologies on an Abelian group G. Let
us denote by T (G) the maximum size of such a family. It turns out that maximal topolo-
gies will do for this purpose. Indeed, if τ 	σ and T  τ , Σ  σ are maximal topologies,
then also T 	Σ ; in particular, T = Σ . So it suffices to consider only the families of dis-
tinct maximal topologies on G (they will be also mutually transversal). Therefore, T (G)
coincides with the size of the set Max(G) of all maximal topologies on G.
Lemma 5.5. For every infinite subgroup H of an Abelian group G, there exists and injec-
tion from Max(H) into Max(G). In particular, T (H) T (G).
Proof. For every τ ∈ Max(H) consider the group topology τG on G defined as in the proof
of Theorem 3.2 (i.e., H as well as every τ -open set of H are τG-open). It was proved in
the same proof that τG ∈ Max(G).
Since τG
↼
H = τ , the map τ → τG from Max(H) into Max(G) is injective. This yields
T (H) T (G). 
The next theorem shows, in particular, that every infinite Abelian group G admits infi-
nitely many distinct maximal group topologies, i.e., T (G) ω. In the sequel, for an infinite
cardinal α, we denote by µ(α) the maximum size of a maximal almost disjoint (briefly,
MAD) family on a set of size α. Obviously, µ(α)  α and it is known that µ(ω) = c, or
more generally µ(α) αω [29].
Theorem 5.6. Let G be an infinite Abelian group. Then T (G) |G| ·µ(|maxp∈P rp(G)|).
In particular,MG is never maximal.
Proof. Let us note first that, for an infinite subgroup C of G, every maximal group topol-
ogy T on C gives rise to a maximal topology TC on the whole group G via declaring C
to be TC -open and TC
↼
C = T . Since the correspondence C → TC is injective when re-
stricted to pairwise “disjoint”3 subgroups C, we get at least as many maximal topologies
on G as the maximal size of a family {Ci}i∈I of pairwise “disjoint” infinite subgroups Ci
of G. Note that for an uncountable group G, one always has |I | = |G|. Actually, one can
obtain this equality also for most of the countable groups, namely those containing infinite
direct sums of non-trivial subgroups. So the only exception is given by those groups G
that do not contain such sums. Then Soc(G) and r(G) are finite for such a group G. The
first fact yields t (G) = F × D, where F is a finite group and D is a torsion divisible
group. Hence, G = F × D × G1, where G1 is a finite rank torsion-free group. By (a) of
Corollary 4.13, G1 ∈ M, while t (G) = F × D ∈ M by Lemma 4.8. Hence G ∈ M by
Lemma 4.10. Therefore, MG = PG. Let τ be a Hausdorff group topology on G such that
τ ∧PG is not Hausdorff (i.e., τ is not maximally almost periodic), such a topology exists
3 Here “disjoint” means “having trivial intersection”.
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ber of maximal group topologies according to Corollary 2.7. Hence G has infinitely many
maximal topologies. This proves that T (G) |G| for every infinite Abelian group G.
In view of the monotonicity of T it suffices to prove that T (G)  µ(|maxp∈P rp(G)|)
for every torsion group G (replace in Lemma 5.5 H by t (G)). Again by monotonicity, we
can assume that G coincides with its socle Soc(G). Let G =⊕i∈I Ci , with all groups Ci
being non-trivial finite (cyclic). Hence G has a set-like behavior. In particular, instead of
disjoint families of subgroups one can consider almost disjoint families which are larger.
Indeed, for J ⊆ I set GJ =⊕i∈I Ci and note that for J,J ′ ⊆ I the intersection GJ ∩GJ ′
is finite iff |J ∩ J ′| < ∞. Therefore, every MAD family {Ja: a ∈ A} in I gives rise to an
almost disjoint family {GJa : a ∈ A} of the same size of infinite subgroups of G. Now it
remains to recall that I admits MAD families of size µ(|I |). If G is infinite and isomorphic
to a subgroup of (Q/Z)n for no n ∈ N, then T (G) c. 
Since the upper bound of two distinct maximal group topologies is the discrete topology,
we obtain the following.
Corollary 5.7. Every infinite Abelian group admits infinitely many pairwise transversal
group topologies.
The following example shows that the approach adopted in the proof of Theorem 5.6
cannot give all maximal topologies.
Example 5.8. Let G be an uncountable Abelian group. Denote by λ the group topology
on G having as local base at 0 the filter base of all subgroups H  G with |G/H |  ω.
Let us see that every countable subgroup C of G is discrete in λ. Indeed, the divisible
hull D(C) of C computed within the divisible hull D(G) of G is still countable and
D(G) = D(C)⊕H , where the subgroup H has obviously countable index in D(G). Now
the subgroup H ∩ G has countable index in G (and so it is λ-open) and H ∩ C = {0}. In
particular, C as well as all cyclic subgroups of G must be discrete in λ and in any max-
imal topology that contains λ. A similar construction of maximal topologies is possible
for groups of higher cardinality α > ω (then all subgroups of G of cardinality  α will be
discrete in those maximal topologies).
5.3. Topological groups with open precompact subgroups
Here we consider topological groups G with a subgroup K which is required to be either
open or precompact. This situation will often arise in Section 6 where we characterize
all locally precompact Abelian groups in the class Trans. Indeed, it turns out that the
locally precompact Abelian groups G /∈ Trans must necessarily have an open precompact
subgroup K .
We see in the next lemma that if the open subgroup K is small (=potentially discrete),
then G ∈ Trans.
Lemma 5.9. Let G be a topological Abelian group and K be a subgroup of G.
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(2) If K is precompact in G, then K ∈MG implies G /∈ Trans.
If K is open and precompact, then G ∈ Trans iff K /∈MG.
Proof. Let τ be the topology of G.
(1) If K /∈MG, then there exists a maximal group topology T on G such that K /∈ T .
Therefore, K must be T -discrete, i.e., K ∩ V = {0} for some V ∈ T . Since K is τ -open,
this proves that T 	τ and (G, τ) ∈ Trans.
(2) Assume that (G, τ) ∈ Trans and T is a transversal group topology on G. As the
subgroup K of G is precompact, the restriction T ↼ K is discrete by Corollary 3.14. Hence,
K /∈MG by Proposition 4.1.
The last assertion follows from (1) and (2). It also follows from the fact that if τ ↼ K is
precompact, then τ
↼
K  PK = PG
↼
K MG
↼
K . Hence, if the group K is τ -open, then
τ MG is equivalent to K ∈MG and Lemma 3.1 implies the conclusion. 
Remark 5.10. Let us note that neither “open” nor “precompact” alone suffices to prove the
final equivalence G ∈ Trans ⇐⇒ K /∈MG of the above lemma. For “open” it suffices
to take any G ∈ Trans and K = G. Here is a counterexample in the case when K is
precompact. Take G = Z2p equipped with the usual (compact) p-adic topology and K =
Zp × {0}. Then G ∈ M (see (3) of Example 4.9), so MG = PG. Therefore, K /∈MG,
while G /∈ Trans by Theorem 3.13.
Corollary 5.11. Let G be an Abelian topological group. If for some n ∈ N, the subgroup
Mn = nG+ Soc(G) of G is precompact, then G /∈ Trans.
Proof. According to Corollary 4.3 the subgroup Mn of G is MG-open. Hence, (2) of
Lemma 5.9 applies. 
It will be shown in Section 6 that Corollary 5.11 can be inverted for LCA groups.
Corollary 5.12. Let G be an Abelian topological group and K be a precompact subgroup
of G. Then G /∈ Trans in the following cases:
(a) G is bounded torsion and K  Soc(G);
(b) G is torsion-free and K  nG for some n ∈ N.
Proof. By (2) of Lemma 5.9, it suffices to see that K is MG-open. This follows from
Lemma 4.2 in both cases. 
5.4. The precompactness criterion
In Theorem 3.13 we proved that no precompact group topology on an infinite group
admits a transversal group topology. We give now a comment where, in particular, the
subgroup π(G) of all precompact elements of an Abelian topological group G is defined.
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condition “all finitely generated subgroups of G are precompact”. Indeed, all finitely gen-
erated subgroups of Q are cyclic, hence precompact in the p-adic topology τp of Q.
Nevertheless, this topology admits a transversal one. To see this note that Q contains the
subgroup H = {a/pn: a,n ∈ Z} which admits a transversal group topology by the ar-
gument in the proof of Corollary 3.7(a). Therefore, (Q, τp) also has a transversal group
topology by Theorem 3.5. It is worth mentioning here that this is the limit where pre-
compactness still may fail, since a group whose all countable subgroups are precompact
must itself be precompact [11, Lemma 3.5]. This observation suggests to isolate the ele-
ments x ∈ G such that the cyclic subgroup 〈x〉 is precompact. Call such an x precompact.
Clearly, the set π(G) of all precompact elements of G is a subgroup if G is Abelian.
The next result immediately follows from Theorem 4.6 and Corollary 4.14.
Corollary 5.14. If G/Soc(G) is not divisible, then the group Gω admits a non-precompact
non-transversable group topology.
Having a non-precompact central subgroup from the class M is a sufficient condition
for the transversality of the whole group in the following sense.
Theorem 5.15. If the group (G, τ) /∈ Trans is non-discrete, then every central subgroup
H G with H ∈ M is τ -precompact.
Proof. If H G is finite, there is nothing to prove, so we assume that H is infinite. If H is
non-precompact with respect to τ
↼
H and H ∈ M, then either τ
↼
H is discrete or we can find
a transversal group topology for τ
↼
H by Theorem 4.6. Hence, we can apply Corollary 3.5
to conclude that (G, τ) ∈ Trans, a contradiction. This proves that H is precompact. 
The above theorem as well as the next corollary can be considered as a criterion for
“weak precompactness” (i.e., the non-transversability of a group implies that some large
portion of the group is precompact).
Corollary 5.16. If an Abelian topological group G is not in Trans, then π(G) = G and
the subgroup d(G)+ Soc(G) of G is precompact.
Proof. Let τ be the topology of G. Assume that π(G) = G and pick x ∈ G \ π(G). Then
〈x〉 ∼= Z is non-precompact, so that by Z ∈ M (see (c) of Lemma 4.8), we can always find a
transversal topology for τ
↼
〈x〉 and then apply Theorem 3.5 to conclude that (G, τ) ∈ Trans.
For the second assertion, apply Theorem 5.15 to the subgroup d(G)+ Soc(G) of G which
is in M by (c) of Lemma 4.8. 
Now Theorem 5.15 (along with Theorem 3.13) gives a criterion for precompactness
valid for groups in the class M of Abelian groups.
Corollary 5.17. Let G ∈ M. Then a group topology τ on G is precompact iff τ admits no
transversal group topology.
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locally precompact Abelian groups that admit a transversal group topology.
Theorem 5.18. Let G be an Abelian locally precompact group. Then G /∈ Trans iff there
exists n ∈ N such that Mn = nG + Soc(G) is precompact. In such a case G has an open
precompact subgroup.
Proof. The sufficiency was proved in Corollary 5.11. Now assume that G /∈ Trans and
consider the locally compact completion G˜ of G. As every LCA group, G˜ is a direct sum
of a vector group Rn and a LCA group G0 that has an open compact subgroup K [16].
Let us prove that n = 0. Indeed, if some element x = (r, g) ∈ G˜ ∼= Rn × G0 with r = 0
belongs to the group G, then x generates a discrete subgroup 〈x〉 of G˜ (as it projects
onto the discrete subgroup 〈r〉 of Rn). Hence, the subgroup 〈x〉 is discrete. This yields
that both groups G˜ and G are in Trans by Theorem 3.5, a contradiction. Hence, every
x = (r, g) ∈ G must have r = 0, i.e., the group G is contained in the closed direct summand
G0  G˜. Consequently, G˜ = G0 and n = 0. If K is an open compact subgroup of G˜, then
K1 = K ∩G is an open precompact subgroup of G. By (1) of Lemma 5.9, our assumption
G /∈ Trans implies K ∈MG. Thus K + F contains nG for some n ∈ N and some finite
subgroup F of G according to Proposition 4.5. This yields that nG is precompact. By
Corollary 5.16, Soc(G) is precompact, so the sum Mn = nG + Soc(G) is precompact as
well. 
Now we describe the hereditarily transversable groups (cf. item (a)).
Theorem 5.19. For an Abelian topological group G, the following conditions are equiva-
lent:
(a) every subgroup of G is either discrete or transversable;
(b) every infinite subgroup of G is non-precompact;
(c) π(G) = t (G) and all infinite subgroups of Soc(G) as well as all copies of Z(p∞) in G
are non-precompact.
Proof. The implications (a) ⇒ (b) ⇒ (c) follow from Theorem 3.13 as well as Theo-
rem 4.6 and Lemma 4.8. Assume (c) holds and let H be an infinite non-discrete subgroup
of G. If H is non-torsion, pick any non-torsion element h ∈ H . Then h /∈ π(G) by
our hypothesis. Hence, C = 〈x〉 is either discrete or transversable. In both cases we get
H ∈ Trans by Theorem 3.5. If H is torsion, we have two subcases. If Soc(H) is infi-
nite, then Soc(H) is non-precompact by our hypothesis. Since Soc(H) ∈ M, Theorem 4.6
implies that either Soc(H) ∈ Trans or Soc(H) is discrete, whence H ∈ Trans as well
(Theorem 3.5). If Soc(H) is finite, then H must contain a copy of the Prüfer group Z(p∞)
for some prime p. Since Z(p∞) ∈ M (Lemma 4.8), our hypothesis and Theorem 4.6 yield
that the group Z(p∞) (equipped with the topology induced from H ) is discrete or belongs
to Trans. In either case, H ∈ Trans. 
Let us note that the implication (b) ⇒ G ∈ Trans is Theorem 3.4 from [34].
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is either discrete or transversable.
Proof. Suppose that H is an infinite non-discrete subgroup of G. If H were precompact,
its closure H in G would be a non-discrete compact subgroup of G, whence |H | c. This
contradiction shows that all infinite subgroups of G are non-precompact, and Theorem 5.19
implies the required conclusion. 
This corollary generalizes [34, Theorem 3.5] (where the stronger assumption |G| = ω
implies G ∈ Trans).
6. Locally compact Abelian groups
6.1. Locally compact groups with divisible center
The following fact is an immediate consequence of Theorem 5.15 but we give it here
for convenience.
Corollary 6.1. Let G be a non-discrete topological group. If Z(G) is divisible and non-
precompact, then G ∈ Trans.
Similarly, all divisible LCA groups admit a transversal group topology when they are
non-compact and non-discrete. This follows from a more general result:
Theorem 6.2. Let G be a non-discrete locally compact group with non-compact divisible
center. Then G admits a transversal group topology.
Proof. Being non-compact and locally compact, the subgroup Z(G) is not precompact.
Now Corollary 6.1 applies. 
As an application of this theorem we get an alternative uniform proof of Corol-
lary 3.7 (a), namely that the groups Q, Qp , R, C, R∗ = R \ {0}, C∗ = C \ {0}, GL(n,R),
GL(n,C) have transversal group topologies. Indeed, the center of each of these groups is
divisible and non-precompact. In particular, in the Abelian case we have:
Corollary 6.3. Let G be a non-discrete divisible locally compact Abelian group. Then G
admits a transversal topology iff G is not compact.
This corollary follows also from Corollary 5.17.
Remark 6.4. We proved in Corollary 6.3 that for a locally compact divisible non-discrete
group G, “non-compact” implies G ∈ Trans. But divisibility is not a necessary condition.
There is a wealth of non-divisible locally compact non-compact Abelian group G ∈ Trans
(e.g., R × Z, Zp × Z, etc.).
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torsion-free LCA groups.
Example 6.5. Let G = Zωp . Then by Corollary 5.12, G endowed with the topology that
makes the compact subgroup K = pG open is a locally compact, non-compact and torsion-
free group, but G /∈ Trans.
Example 6.6. Here is an example of a torsion Abelian group with transversal locally
compact group topologies. Suppose that K = Z(p)ω is equipped with its compact Ty-
chonov topology, and let Kd be the same group equipped with the discrete topology.
Then G = K × Kd is torsion and locally compact. Moreover, it admits a locally compact
transversal group topology, namely, the topology of Kd ×K .
The above construction permits to find a wealth of locally compact transversal group
topologies on squares K × K , where K is a group admitting a compact group topology.
Namely, the products of the compact and the discrete topology of K taken in the two
possible ways work.
6.2. Transversable locally compact Abelian groups
Motivated by Corollary 6.3, we apply here the characterization of the transversable
locally precompact Abelian groups obtained in the previous section to clarify better the
situation in the more restrictive case of locally compact groups.
Corollary 6.7. The following conditions are equivalent for a LCA group G:
(a) G /∈ Trans;
(b) there exists n ∈ N such that Mn = nG+ Soc(G) is precompact;
(c) there exists a compact open subgroup K of G such that Mn = nG + Soc(G)K for
some n ∈ N;
(d) C(G) is compact and G/C(G) /∈ Trans.
Proof. By Theorem 5.18, (a) is equivalent to (b) and (c) implies (b).
Let us prove that (a) ⇒ (c). To see that the open subgroup K in (c) can be chosen
compact note that by Theorem 5.18, the group G has an open precompact subgroup K1.
Since G is complete, the group K1 is compact. Then G /∈ Trans yields K1 ∈MG by
Lemma 5.9(1). Hence, there exists n ∈ N such that Mn ∗ K1, or equivalently, Mn 
K1 + F for some finite subgroup F of G according to Proposition 4.1. Now K = K1 + F
is still compact, open and contains Mn.
(a) ⇒ (d). As mentioned in the proof of Theorem 5.18, G has no vector subgroup,
so G must have an open compact subgroup K . In particular, C(G) is compact. Since the
connected component C(K) = C(G) is always divisible, the fact that G/C(G) /∈ Trans
follows from Proposition 5.1.
It remains to show that (d) ⇒ (c). Indeed, let N be a compact open subgroup of G/C(G)
such that n(G/C(G)) + Soc(G/C(G))N for some n ∈ N. Let K be the inverse image
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and f (Soc(G)) Soc(G/C(G)) imply that K  nG+Soc(G). Since K is obviously open
and compact, this proves the implication (d) ⇒ (c). 
One can replace (b) in the above corollary by the equivalent property “there exists n ∈ N
such that the subgroups nG and Soc(G) are precompact”.
The equivalence of (a) and (c) in Theorem 6.7 was announced without proof in [9,
Theorem 2.21] and was obtained independently also by Zelenyuk and Protasov [34, Theo-
rem 3.2].
The following example shows that the equivalence of the above corollary does not re-
main valid in the non-Abelian case.
Example 6.8. Let G = K × H , where H is the discrete minimal torsion-free group (She-
lah’s example [24]), and K = Z(n)ω , n ∈ N, n > 1. Then the group G is locally compact
and G /∈ Trans by Proposition 3.10. Nevertheless, for no m ∈ N the set {xm: x ∈ G} (the
counterpart of mG in the Abelian case) is not contained in any compact (open) subgroup
of G.
Let us explain in few words the algebraic structure of the LCA groups G /∈ Trans.
Corollary 6.7 reduces the description of the non-transversable locally compact Abelian
groups to the case of totally disconnected groups G.
Corollary 6.9. The following conditions are equivalent for a totally disconnected LCA
group G:
(a) G /∈ Trans;
(b) tdp(G) /∈ Trans for all primes p and all but a finite number of the groups tdp(G) are
compact;
(c) G ∼= ∏p tdp(G), all but a finite number of the groups tdp(G) are compact, all
subgroups G[p] are compact and, for all primes p, there exist np ∈ N such that
pnp tdp(G)+G[p] is compact.
Proof. Assume G /∈ Trans. Then by (c) of Corollary 6.7 there exists a compact open
subgroup K of G such that nG + Soc(G)K for some n ∈ N. For every prime p that is
coprime to n the subgroup tdp(G) is n-divisible (since every element of G is contained in a
compact subgroup of G by the boundedness of the quotient G/K). Therefore, K contains
all but a finite number of the groups tdp(G), consequently they are compact (coinciding
with the compact groups tdp(K), cf. [10]). If F = {p ∈ P: p | n}, then G = G1 × G2,
where G2 = ∏p∈F tdp(G) and G1 = ∏p/∈F tdp(G) is a compact subgroup of K . Now
G /∈ Trans yields G2 /∈ Trans. Hence, tdp(G) /∈ Trans for every p ∈ F . So by (b) of
Corollary 6.7 there exist np ∈ N such that pnp tdp(G)+G[p] is precompact. Being also a
closed subgroup of G it is locally compact, hence complete. Thus, pnp tdp(G) + G[p] is
compact. 
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and a compact totally disconnected subgroup G1 of G such that G = G1 ×G2, where G2 is
a reduced LCA group with tdp(G2) = 0 only for p ∈ F (i.e., G2 =∏p∈F tdp(G)) and for
every p ∈ F , there exist np ∈ N such that pnp tdp(G) + G[p] is compact). In particular,
a totally disconnected LCA group G with G /∈ Trans is necessarily reduced (in general
every reduced LCA group is totally disconnected).
Note that (b) implies in particular, that every element of G is contained in a compact
subgroup of G (this follows also directly from G /∈ Trans). On the other hand, the follow-
ing example shows that the conjunction of this weaker condition with the first part of (b)
does not suffice to imply G /∈ Trans.
Example 6.10. Let p1 < p2 < · · · be all prime numbers. Set Ln = Zωpn and Bn = pnnLn.
Let G be the saturation of K =∏n Bn in the group ∏n Ln, i.e., G = {x ∈∏n Ln: kx ∈
K for some k > 0}. Let τ be the topology on G that makes K , equipped with the product
topology of
∏
n Bn, open in G. Then G is a totally disconnected LCA and every element
of G is compact. Moreover, tdp(G) /∈ Trans by Corollary 6.7. Nevertheless, G ∈ Trans,
since nG cannot be compact for any n ∈ N.
7. Open problems
Question 7.1.
(a) Is Theorem 2.6 true in the non-Abelian case?
(b) Does every (countable) minimal Abelian groups admit a g-independent group topol-
ogy?
It is shown [13] that there exist minimal groups of every infinite cardinality without g-
independent group topologies. This is why we impose “Abelian” in the second part of (b).
By Theorem 3.10, for G = K × H , where K is a compact group, G ∈ Trans implies
H ∼= G/K ∈ Trans. This motivates the following:
Question 7.2. Let G be a topological group and let K be a compact normal subgroup of G.
Does G ∈ Trans imply G/K ∈ Trans?
The answer is “yes” for LCA groups (argue as in the proof of the implication (d) ⇒ (c)
of Corollary 6.7). On the other hand, Example 5.4 shows that in this situation G/K ∈ Trans
does not imply G ∈ Trans, even when G is LCA.
Problem 7.3. Characterize the locally compact groups that admit a transversal group
topology.
A solution in the case of connected groups is given in [13].
Clearly, T (G) 22|G| for a topological group G and T (G) |G| ·µ(|t (G)|) according
to Theorem 5.6.
816 D. Dikranjan et al. / Topology and its Applications 153 (2005) 786–817Problem 7.4. For a topological group G, find an upper and a lower bound for T (G). Is
the inequality T (G) > 2|G| possible? What about countable groups?
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